We show how Calabi-Yau hypersurface families arising from Batyrev's construction can be compactified using a type of fan more general than an MPCP resolution. This can lead to smooth projective compactifications that are not obtainable from the original construction. In the threefold case, we give necessary and sufficient conditions for the resulting family to be smooth.
Introduction
Batyrev's fundamental construction of Calabi-Yau hypersurfaces in [1] provides both a large source of Calabi-Yau families and a very explicit construction of mirror symmetry for these families. It begins with the basic setup for toric geometry: let N ∼ = Z n for some n be a lattice, and consider the corresponding real vector space N R = N ⊗ R, the dual lattice M = Hom(N, Z), and the dual vector space M R = M ⊗R. Also let , be the natural real-valued dual pairing between M R and N R . (For an introduction to toric geometry, see the books [3] or [6] .)
To construct a hypersurface family, we first need a reflexive polytope. A lattice polytope ∆ ⊆ N R with the origin in its interior is said to be reflexive if its dual polytope ∆ * = {m ∈ M R | m, n ≥ −1 for all n ∈ ∆} is a lattice polytope in M R . The Calabi-Yau hypersurface family associated to ∆ is a compactification of the hypersurface in the torus Spec C[M] ∼ = (C * ) n defined by
where the c m ∈ C are generic coefficients.
To compactify this family, the open torus Spec C[M] needs to be included into a larger toric variety. One natural choice is the toric variety X(∆) given by the fan Σ(∆), the fan of cones over proper faces of ∆. In the case that the toric variety defined by Σ(∆) is smooth, this yields a smooth projective Calabi-Yau family X (∆) ⊆ X(∆). In general, however, X(∆) is not smooth, and to desingularize the Calabi-Yau family as much as possible, we require another important ingredient of Batyrev's construction, an MPCP (maximal projective crepant partial) resolution of X(∆). An MPCP resolution of the toric variety X(∆) is defined by a fan Σ(∆) which satisfies:
1. Σ(∆) is complete, simplicial, projective, and a subdivision of Σ(∆).
2. The set of rays of Σ(∆) is equal to the set of rays over nonzero lattice points in ∆.
If ∆ is of dimension four or less, then Equation 1 will define a family of smooth Calabi-Yau hypersurfaces in the toric variety given by Σ(∆).
The purpose of this paper is to study what happens when the hypersurface family defined by Equation 1 is compactified with a type of fan more general than an MPCP resolution, which we call a ∆-maximal fan. A ∆-maximal fan has the same definition as an MPCP resolution, only without the requirements that it be a subdivision of Σ(∆) or projective.
This has already been studied for a particular example in [5] . We studied a four-dimensional reflexive polytope ∆ with the property that the toric variety X(∆) is smooth, so a smooth Calabi-Yau family X (∆) ⊆ X(∆) exists without the need for an MPCP resolution. Nonetheless, there is another simplicial fan with the same set of rays as Σ(∆) that gives a compactification X ′ (∆) which is smooth, projective, and topologically distinct from X (∆). The fact that topologically distinct Calabi-Yau families can be produced is one reason why ∆-maximal fans are interesting. The example in [5] also has applications to the topic of extremal transitions, a process in which CalabiYau families are degenerated and resolved to produce new families.
Most of this paper is devoted to proving smoothness and regularity results for the toric variety X(Σ) associated to a ∆-maximal fan Σ, and for the anticanonical hypersurface family X (Σ) ⊆ X(Σ). First we prove a result valid for a reflexive polytope ∆ of any dimension, which is that X(Σ) always has a singular locus of codimension ≥ 4 (Theorem 2.8).
Next we focus on reflexive polytopes of dimension four. We show that in this case, a ∆-maximal fan Σ must be Gorenstein (Theorem 2.9). This means the anticanonical line bundle L of X(Σ) exists and the family X (Σ) can be defined by taking generic global sections of L. Combined with the previous results, this allows us to show that generic members of X (Σ) are normal with at worst isolated Gorenstein singularities occuring at zero-dimensional toric strata of X(Σ) (Theorem 3.2).
The question of whether members of X (Σ) are smooth is more difficult than in the case of an MPCP resolution. This is because in Batyrev's construction, generic members of the hypersurface family satisfy a condition called "∆-regularity" (Definition 3.1.1 from [1] ), which implies that all their singularities are inherited from the singularities of the ambient toric variety. Thus, if the toric variety is sufficiently smooth (as in the case of an MPCP subdivision of a reflexive four-polytope), generic anticanonical hypersurfaces in the toric variety will be smooth.
Because hypersurfaces in a more general ∆-maximal fan need not satisfy ∆-regularity, singularities of X (Σ) could potentially occur even on a smooth open subset of X(Σ). Smoothness of X (Σ) depends on a subtle property of lattice points in ∆ which guarantees that on certain open sets, the defining equation of X (Σ) will locally have a lowest term that is linear rather than quadratic (Theorem 3.3). Currently I do not know whether there are any examples of ∆-maximal fans Σ where this property fails to hold. Such an example would give a family X (Σ) all of whose members are singular.
We note that these results can be interpreted in terms of the GKZ decomposition or secondary fan associated to the set of nonzero lattice points in ∆, as defined in [8] or in [4] , Section 3.4. MPCP subdivisions of ∆ correspond to certain maximal cones of the secondary fan, but there are many other cones that do not fall into this category because they represent fans that are not subdivisions of the original fan Σ(∆) of cones over faces of ∆. Some of these cones would correspond to projective ∆-maximal fans. Thus, at least in the case that the new families X (Σ) are smooth, we are extending Calabi-Yau compactifications to a larger part of the secondary fan. For a toric hypersurface family, the secondary fan is closely related to the Kähler moduli space used in mirror symmetry (see [4] , Section 6.2).
Lastly, it bears mentioning that these results could potentially be applied to the Batyrev-Borisov complete intersection families defined in [2] , since resolving such a family also requires an MPCP subdivision of a reflexive polytope.
Basic notation and conventions
Given points v 1 , . . . , v n in a real vector space, we use Conv(v 1 , . . . , v n ) to denote their convex hull. We also define
the convex cone generated by v 1 , . . . , v n .
Given a fan Σ in N R , X(Σ) will always denote the toric variety obtained from Σ. Where appropriate, X (Σ) will denote the family of generic anticanonical hypersurfaces in X(Σ).
Given an integral piecewise linear function ϕ : Σ → R, where integral means that ϕ is integer-valued on lattice points, we can construct a line bundle L(ϕ) on X(Σ). Given a complete Σ and an integral piecewise linear function ϕ : Σ → R, the Newton polytope of global sections of L(ϕ) is
Lattice points in Newt(ϕ) correspond to monomial global sections of L(ϕ).
With this convention, the anticanonical line bundle of a Gorenstein toric variety X(Σ) can be defined by the unique piecewise linear function ϕ on Σ that is equal to 1 on every primitive integral generator of a ray in Σ. Assuming Σ is complete, we also have that ample line bundles on X(Σ) correspond to strictly lower convex piecewise linear functions ϕ on Σ, where lower convex means that for any a, b ∈ [0, 1] with a + b = 1 and n 1 , n 2 ∈ N R ,
Given any fan Σ, we write Σ
[n] for the subfan consisting of all cones of Σ of dimension n or less.
∆-maximal fans
The following basic principle concerning lattice points in reflexive polytopes is well-known and will be used many times throughout this paper. For the case of two lattice points, it can be stated as follows (see [3] , Lemma 8. 
We can generalize this to a larger set of lattice points as follows: 
and d = n when there is a vertex v with v, v 1 = · · · = v, v n = −1, which means that v 1 , . . . , v n are all contained in the face of ∆ dual to v.
Definition 2.3. Given a fan Σ and a reflexive polytope ∆, we say Σ is ∆-maximal if it satisfies the following: 1. The set of rays of Σ is equal to the set of rays over nonzero lattice points in ∆.
2. Σ is complete and simplicial.
The crucial difference between this definition and the definition of an MPCP resolution is that the fan associated to an MPCP resolution must be a subdivision of Σ(∆), whereas there is no such restriction on a ∆-maximal fan. Also, note that we do not require Σ to be projective. The results in this paper will apply to both projective and non-projective fans.
Given any ∆-maximal fan Σ, there is a unique piecewise linear function ϕ Σ on Σ such that ϕ Σ (v) = 1 for any nonzero lattice point v ∈ ∆. If ϕ Σ is integral, then X(Σ) is Gorenstein and ϕ Σ represents its anticanonical bundle. Proof. For part 1, first assume Σ is a subdivision of Σ(∆). Then ϕ Σ is just the support function of ∆ which equals 1 everywhere on ∂∆, and thus is convex. Now suppose that Σ is not a subdivision of Σ(∆). We must show that ϕ Σ cannot be lower convex. There must be a maximal cone of Σ, Cone(v 1 , . . . , v n ), such that v 1 , . . . , v n are lattice points in ∂∆ which are not contained in any common proper face of ∆. Then there exists a point p ∈ Conv(v 1 , . . . , v n ) which is contained in the interior of ∆, so that rp ∈ ∂∆ for some r > 1. Since ϕ Σ (p) = 1, we must have ϕ Σ (rp) = r. On the other hand, since rp ∈ ∂∆, rp is contained in a maximal face f ⊆ ∆ and we can write rp = c 1 v 1 +· · ·+c n v n , where the v i are the vertices of f and the c i are real numbers in [0, 1] with c 1 + · · · + c n = 1. Applying ϕ Σ on both sides, we get that
If ϕ Σ was lower convex, we would also have
and thus r ≤ 1, which is a contradiction.
For part 2, let C = Cone(v 1 , . . . , v n ) be a maximal cone in Σ, with v 1 , . . . , v n lattice points in ∂∆. Then C is the cone over the polytope
and since ∆ is convex, P ⊆ ∆. ϕ Σ by definition is identically equal to 1 on P , which implies that ϕ Σ ≥ 1 on ∂∆ ∩ C. Running over all maximal cones in Σ, we get that ϕ Σ ≥ 1 everywhere on ∂∆, which implies ϕ Σ ≥ ϕ ∆ everywhere.
For part 3, the result from part 2 (ϕ Σ ≥ ϕ ∆ ) implies that
On the other hand, if m is in Newt(ϕ Σ ), we must have that m, v ≥ −ϕ Σ (v) = −1 for any vertex v of ∆, which is enough to imply that m ∈ ∆ * . Proof. It suffices to show that every three-dimensional cone in Σ is smooth. This means that for every three-dimensional cone C ∈ Σ with
The subfan of Σ consisting of cones of dimension three or lower, Σ [3] , will then be smooth, and since X(Σ)\X(Σ [3] ) is codimension ≥ 4, the result will follow.
First suppose that v 1 , v 2 , v 3 are contained in a common proper face of ∆. Then if v is the vertex of ∆ * dual to this face, we have that v, v i = −1 for all i = 1, 2, 3. It is well known that for a three-dimensional cone, the existence of an integral v with this property, together with the fact that Conv(0, v 1 , v 2 , v 3 ) contains no lattice points except its vertices, implies that the cone is smooth (see [1] , Theorem 2.2.9, (iii)). Now suppose that v 1 , v 2 , v 3 are not contained in a common proper face. Then by Lemma 2.2, we must have that either
In the latter case, the ray over v 1 + v 2 + v 3 would not be a cone in Σ and Σ would not be ∆-maximal. Thus we have
is contained in a proper face of ∆, and let v be the vertex of ∆ * dual to this face. We must have that v, (v 1 + v 2 + v 3 )/2 = −1, and since v, v 1 , v, v 2 and v, v 3 must be integers ≥ −1, the only way to achieve this is to have v, v i = v, v j = −1 for exactly two i, j ∈ {1, 2, 3}, and v, v k = 0 for the remaining k ∈ {1, 2, 3}. Without loss, let us assume that i = 1, j = 2, and k = 3.
By Lemma 2.6, {v 1 , v 2 } is a basis for the lattice N ∩ Span R (v 1 , v 2 ), and therefore, can be extended to a basis {v 1 , v 2 , u 3 } of the lattice N ∩ Span R (v 1 , v 2 , v 3 ). In this basis, we can write v 1 = (1, 0, 0), v 2 = (0, 1, 0) and v 3 = (a, b, c), so that v 3 = av 1 + bv 2 + cu 3 for some integers a, b, c. By replacing u 3 with −u 3 if necessary, we may also assume that c is positive. In order to show that Cone(v 1 , v 2 , v 3 ) is a smooth cone, we must show that c = 1. So assume that c > 1.
Applying v to v 3 , we get that v, v 3 = v, av 1 + bv 2 + cu 3 = a + b + c v, u 3 = 0. As v, u 3 is an integer, we find that a + b = 0 mod c, and therefore also a%c + b%c = 0 mod c. As 0 ≤ a%c, b%c ≤ c − 1, this implies that either a%c + b%c = c, or a%c + b%c = 0 and a%c = b%c = 0. In the latter case, we could not have c > 1, since then all three coordinates of v 3 = (a, b, c) would be divisible by c and v 3 would not be a primitive vector. So a%c + b%c = c. Also, by Lemma 2.6, for both i = 1 and 2 we have that {v i , v 3 } is a basis for the lattice N ∩ Span R (v i , v 3 ), which implies that a and b must both be relatively prime to c, so both a%c and b%c are nonzero.
Consider the new vector
Because a%c + b%c = c, the coefficients (b%c − 1)/c, (a%c − 1)/c and 2/c sum to 1. They are also non-negative, and v 1 , v 2 and ( We will now restrict our focus to the case of four-dimensional reflexive polytopes. Our main goal will be to show that given a reflexive 4-polytope ∆ and a ∆-maximal fan Σ, that X(Σ) is Gorenstein, and therefore we can define a family of hypersurfaces in X(Σ) by taking global sections of the anticanonical bundle. The first step is to prove the analogue of Theorem 2.8 in the four-dimensional case. Proof. Similar to the proof of Theorem 2.8, we start by extending {v 1 , v 2 , v 3 } to a Z-basis of N by adding another vector u 4 ∈ N. This is possible since by Theorem 2.8,
By replacing u 4 with −u 4 if needed, we can assume that d > 0, and our goal is to show that d = 1.
Because v 1 , . . . , v 4 are not contained in a common face of ∆, by Lemma 2.2 we must have that v 1 + · · · + v 4 ∈ q · ∂∆ for q = 1, 2, or 3. If q = 1, then v 1 + · · · + v 4 ∈ C ∩ ∆, which contradicts that C is a cone in the ∆-maximal fan Σ. So we must have that q = 2 or 3, meaning that either (v 1 + · · · + v 4 )/2 or (v 1 + · · · + v 4 )/3 is in ∂∆ and contained in some maximal face. Let v be the vertex dual to this face. Then we have the following possibilities:
1. In the case that ( 
which by construction will be a lattice point and contained in C. To show w ∈ ∆, we can show that t, w ≥ −1 for all lattice points t ∈ ∆ * . Note that t, v i ≥ −1 for all i, and there cannot be any t with t, v i = −1 for all i ∈ {1, 2, 3, 4} because of the assumption that the v i are not in a common proper face. So the value of t, w for any particular t cannot be smaller than the number
is the vector of coefficients from Equation 2. Since t, w must also be an integer, it suffices to show that M > −2. It is easy to check that the sum of any three distinct entries of S is strictly less than 2, so we have shown that d > 1 is impossible in case 1, because otherwise w ∈ C ∩ ∆ would be a lattice point in addition to v 1 , . . . , v 4 , making it impossible that C is a cone in the ∆-maximal fan Σ. For cases 2a and 2b, we use the same strategy, with slightly different formulas for w. In case 2a, assume without loss that v, v 1 = v, v 2 = −1 and v, v 3 = v, v 4 = 0. Again letting v, u 4 = n, we get that
so that a + b = 0 mod d. Because neither a%d nor b%d can be zero, this implies that a%d + b%d = d. We then consider the new vector
As in case 1, one checks that w is a lattice point, and the fact that the sum of any three distinct entries in the vector of coefficients of w, 
and apply the same arguments as in case 1 and 2a. In the case a%d + b%d + c%d = 2d − 1, we consider
and apply the same arguments.
If C = Cone(v 1 , . . . , v 4 ) is a cone in Σ with v 1 , . . . , v 4 vertices of ∆ in a common proper face, then it is automatically Gorenstein since ∆ is reflexive. Since Theorem 2.9 proves that all remaining cones of Σ must be smooth, we can conclude that X(Σ) is Gorenstein. Equivalently, X(Σ) has an anticanonical line bundle, which is represented by the integral piecewise linear function ϕ Σ : Σ → R from Proposition 2.4. Proof. To prove part 1, we will prove that Y ∩ X(Σ [3] ) is smooth (where as before, Σ [3] is the subfan of Σ made up of cones of dimension ≤ 3). This is sufficient to show that Y has isolated singularities since X(Σ)\X(Σ [3] ) is zero-dimensional.
Let Now assume that v 1 , v 2 , v 3 are not contained in a common face. In this case, the defining equation of Y ∩ U will not have a constant term as in the previous paragraph, but it will have a linear term, which it turns out will be enough to imply smoothness.
As in the proof of Theorem 2.8, this implies that (v 1 + v 2 + v 3 )/2 ∈ ∆, and we can assume without loss that there is an m ∈ ∆ * with m,
, the triangle T must be contained in the boundary of ∆. Now we claim that T cannot be contained in a two-dimensional face of ∆. Suppose by contradiction that T ⊆ g for some two-dimensional face g ⊆ ∂∆.
Note that g ∩ C is a two-dimensional polygon Conv(v 1 , v 2 , w 1 , . . . , w n ) for some w 1 , . . . w n points in the interior of C. (They must be in the interior of C, rather than the boundary, because of Lemma 2.5 and the fact that apart from v 1 and v 2 , none of the edges Conv(v 1 , v 3 ) ⊆ ∂∆ and Conv(v 2 , v 3 ) ⊆ ∂∆ are contained in the affine space spanned by T .) Because C is a cone in a ∆-maximal fan, w 1 , . . . , w n cannot be lattice points. However, since the w i are in the relative interior of C, they would have to be vertices of the entire face g. This is a contradiction since g is a lattice polytope.
It therefore follows that no two distinct lattice points m, q ∈ ∆ * can both evaluate to identically −1 on T , because otherwise T would be contained in the intersection of the faces f 1 , f 2 of ∆ that are dual to m and q, which would have to be of dimension ≤ 2. This gives us the following claim which will be needed later on:
Claim. If q ∈ ∆ * is such that q, v 1 = q, v 2 = −1, q, v 3 = 0, then q = m, where m is the lattice point defined above. Proof. Given a generic section s of the anticanonical bundle, we know that s = 0 defines a smooth variety Y ⊆ X(Σ [3] ) by Proposition 3.1. Compactifying Y by taking its closure to get a compact hypersuface H ⊆ X(Σ) will at most add points from the finite set X(Σ)\X(Σ [3] ) (the zero-dimensional toric strata of X(Σ)), where isolated singularities of H could occur.
To prove normality, we use Serre's criterion (as in [7] , II, Proposition 8.23). By part 2 of Proposition 3.1, all singular points of H must be contained in an open affine set U ⊆ X(Σ) corresponding to a maximal cone Cone(v 1 , . . . , v 4 ) with v 1 , . . . , v 4 not contained in a common face of ∆. By Theorem 2.9, U ∼ = C 4 , and H is defined by a single equation s = 0 so is a local complete intersection in U. Thus H ∩ U satisfies condition S2 of Serre's criterion, and since it has at most isolated singular points, it also satisfies condition R1 and is normal.
That H is a local complete intersection also implies the singularities of H are Gorenstein. Lastly, H has trivial canonical bundle because it is defined by a global section of the anticanonical bundle of X(Σ).
Having established Theorem 3.2, we would like to have a condition for determining when X (Σ) is a smooth family, which depends only on the geometry of ∆ and the fan Σ. The condition is as follows: 
